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We present some results on combinatorial geometries (geometric lattices) in which closure is 
fine-closure. We prove that every interval of a line-closed geometry is line-closed. Further- 
more, if every rank 3 interval of a geometry is line-closed, then the geometry is line-closed. 
This impfies that every supersolvable geometry is line-closed. Though not true in general, 
supersolvability does characterize the line-closed graphic geometries. 
1. Introduction 
We assume that the reader is familiar with the elementary theory of (finite 
combinatorial) geometries which can be found in [1], [4], and [5]. In this paper, 
we introduce a class of geometries which we call the line-closed geometries. A
line-closed geometry can be thought of as a generalization of a projective 
geometry in the following sense: the closure operator of a line-closed geometry is
"induced" by the fines (fiats of rank 2). To be more precise, let us make the 
following definition. 
Definition 1.1. Let G be a geometry. A set of points T is a line-flat (line-closed 
set) of G, if for every two points in 7", the line they determine is contained in T. 
Every fiat (dosed set) of a geometry is a line-flat. The converse of this 
statement is not true. To see this, simply truncate (remove the hyperplanes from 
the collection of fiats) any geometry of rank 1>4. 
We say that a geometry is line-closed if every fine-fiat is a fiat. 
Remark. Given a geometry G, the fines of G induce a closure operator on the 
point set of G. However, this closure operator need not satisfy the (Steinitz- 
MacLane) exchange axiom. We encourage the reader to find an example of a 
geometry whose "fine-dosure" does not satisfy the exchange axiom. 
Let us say a few words about notation. G will denote a geometry. If T is a set 
of points from G then T will denote the closure of T. The rank of T is simply the 
rank of i" in the lattice of fiats of G. Flats of rank I (singletons) are called points, 
fiats of rank 2 are called fines, and fiats of rank 3 are called planes. 
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Often, we identify G with its lattice of flats, [0, G] (where 0 denotes the 
minimum flat and G denotes the maximum flat). It is well known that [0, G] is a 
geometric lattice as are the intervals of [0, G]. The lattice structure of a geometric 
lattice induces the structure of a geometry on its point set (set of atoms) and we 
identify the intervals of [0, G] with their induced geometries. 
2. Intervals 
If we remove a line (and its points) from the Fano plane the resulting 
subgeometry is not line-closed. This shows that the class of line-closed geometries 
is not a hereditary class of geometries (see [9]), though, we do have the following 
theorem. 
Theorem 2.1. Let G be a line-closed geometry. Then every interval of [0, G]/s a 
line-closed geometry. 
Proof. Let [F1, F2] be an interval of [0, G]. Let T be a line-flat of [F1, F2]. Note 
that elements of T are points (atoms) of [/71, F2]; flats contained in F2 that cover 
F1. Let T' be the set theoretic union of the elements of T. Since T is a line-flat of 
[Ft, F2], T' is a line-flat of G. However, G is line-closed which implies that T' is a 
flat of G. Note that T' e [Ft, F2]. 
It is clear that T is the set of flats (of G) which cover F~ and which are 
contained in T'. Thus, T is a flat of [F~, F2] and the theorem is proved. [] 
The following theorem will give us a minor-theoretic haracterization of 
line-closed geometries. 
Theorem 2.2. Let G be a geometry such that every rank 3 interval of [0, G] /s 
line-closed. Then G is line-closed. 
Proof. We will prove the theorem by induction on the rank of the geometry. 
Clearly the theorem is true for every geometry of rank less than 4. 
Suppose that the theorem is true for every geometry of rank less than n (~>4) 
and let G be a geometry having rank n such that every rank 3 interval of [0, G] is 
line-closed. 
Let T (rank at least 3) be a line-flat of G. We want to show that T is a flat of G. 
Choose a point in T, say P0, and let T' be the set of lines (of G) that contain Po 
and that are contained in T. Note that the set-theoretic union of the elements of 
T' is T. Our claim is that T' is a line-flat of [Po, i"]. 
To see this, suppose that ll and 12 are  distinct lines in T' and that I is a line such 
that Po < l < ll v l 2. We know there are points q~ and q2 in T such that 11 =P0 v ql 
and I2----poVq2. It is clear that l is in the interval [0,povq~ v q2]. Since 
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[0, P0 v ql v q2] has rank 3, it is line-closed. Furthermore, {Po, ql, q2} ----- T. We 
know T is a line-flat of G, so every point in [0, P0 v q~ v q2] must be in T. This 
implies that I e T'. Thus, we have shown that T' is a line-flat of Loo, 2r]. 
Our induction hypothesis implies that Lo0, T] is line-closed, so, we conclude 
that T' is a flat of [P0, I"]. Since the set-theoretic union of the elements of T' is 
T, it is clear that we must have T = T. Thus, T is a flat of G and G is line-closed. 
By induction, the theorem is true for all geometries. [] 
Theorem 2.2 together with Theorem 2.1 imply that a geometry G is line-dosed 
if and only if every rank 3 interval of [0, G] is line-closed. 
3. Supersolvability 
We will use Theorem 2.2 to prove that every supersolvable geometry is 
line-closed. Recall that a geometry G is supersolvable if there exists a maximal 
chain in [0, G] such that each flat of the chain is modular. The following is a 
special case of our desired result. 
Lemma 3.1. Let G be a rank 3 supersolvable geometry. Then G is line-closed. 
To prove this, show that if T is a line-flat having rank 3 then T must contain a 
modular line of G. Next, use the fact that this modular line intersects (in a point) 
every line of G to show that T is the maximum flat of G. This implies that every 
line-flat is a flat (note that line-flats of rank 0, 1 and 2 are obviously flats). 
In [12], Stanley proves that every interval of a supersolvable geometry is 
supersolvable. Thus, every rank 3 interval of a supersolvable geometry is 
line-closed and Theorem 2.2 implies 
Theorem 3.2. Every supersolvable geomety is line closed. 
Indeed, Theorem 2.2 gives us a generic way to prove that a class of geometries 
is line-closed. Consider the class of afline geometries (with at least three points on 
a line). Let G be a geometry in this class. It is easy to see that every rank 3 lower 
interval of G is line dosed. Any other rank 3 interval of G would be a projective 
plane, and thus, would be line-dosed. Therefore, G is line closed. We are now in 
a position to see that the converse of Theorem 3.2 is false. 
As seen above, an afline geometry G (with at least three points on a line) is 
line-dosed. Yet, G has no modular fiats except for the points So, if G has rank 
t>3, then G is not supersolvable. 
Remark. Stonesifer [13], has shown that the supersolvable geometries include all 
of the modularly complemented geometries. The modularly complemented 
geometries (rank ~>4) have recently been classified by Kahn and Kung [10]. They 
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include all of the Dowling geometries (see [6]). The Dowling geometry Q,,(G) 
(where n is the rank and G is a finite group) is representable over a field k if and 
only if G is a subgroup of the multiplicative group of k. Thus, Theorem 3.2 
implies that there are line-closed geometries that are not representable over any 
field. 
We conclude by turning our attention to (circuit) geometries of graphs. Recall 
that in graphic geometries closure is circuit closure. Stanley [12], shows that the 
geometry of a graph is supersolvable if and only if the graph is a chordal graph (a 
graph in which every cycle with four or more edges has a chord). This result, 
along with the fact that the geometry of a chordless cycle (with four or more 
edges) is not line-closed, makes it easy to see that the converse of Theorem 3.2 is 
true for graphic geometries. However, since the dual of the geometry of K3, 3 is 
line-closed but not supersolvable, the converse of Theorem 3.2 is not true for 
regular geometries. 
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